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1 Introduction 



In the past few years a huge amount of hterature has been devoted to the study 
of quantum planes [1]. They provide a mathematical model for the system 
under consideration. All the properties of interest can be expressed in terms of 
noncommutative functions defined on these quantum spaces. Quantum groups 
[2] are genetrated by such functions. It was shown that the only quantum groups 
which preserve nondegenerate bilinear forms are GLqp (2) and GLhh' (2), [3]- 
[11]. They act on the g-plane (Manin plane), with relation xy = qyx and on the 
/i-plane (Jordanian plane), with relation xy — yx = hy"^, respectively. 

In a recent paper [12] we have constructed a map relating g-deformed gauge 
fields defined on the Manin plane and ordinary gauge fields in a full analogy with 
Seiberg-Witten map [13]. This work has been extended to GLq (7V)-covariant 
quatum hyperplane [14]. In the present letter we define a map which relates 
{q, /i)-deformed gauge fields defined on the hybrid quantum space ( given by 
xy — qyx = hy"^) and the ordinary gauge fields. The product of functions 
on such a space is obtained by applying a singular transformation [11] on the 
Gerstenhaber star product [15]. 

2 (q, /i)- deformed gauge theory versus ordinary 
gauge theory 

To begin we consider the undeformed action 

S = -\ j d^x F^,F^\ (1) 

where 



Fy^u = d^A, - d^A^. (2) 
S is invariant with respect to infinitesimal gauge transformations: 

SxA^ = d^X. (3) 

To study the {q, /i)-deformed analogue of this gauge theory let us first recall 
that the Manin plane, with the relation XY = qYX and the hybrid plane with 
the relation xy — qyx = hy^ are related by a transformation [11] 
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(4) 



where a = 

The product of functions is defined via the Gerstenhaber star product [15]: 
Let A be an associative algebra and let Di,E^ : A ^ Ahe a pairwise derivations. 
Then the associative star product of a and b is given by 



a*6 = Moe«Si^-®-^'a®6, (5) 
where C is a parameter and the undeformed product given by 

m(/®5) = /5- (6) 
On the Manin plane, we write this star product as: 

/*5 = Moe^(^^®^*-^*®^^)/®5. (7) 

A straightforward computation gives then the following commutation rela- 
tions 

X-kY = e^XY, Y-kX = e^YX. (8) 

Whence 

Xi.Y = e'''Y-kX, 9 = 6*". (9) 

Thus we recover the commutation relations for the Manin plane. 
We can also write the product of functions as 

/,,5 = /ei^^e"(W,5 (10) 
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where 9*^' {X, Y) = rjXYe''^ with e^^ = -e^i = 1. 

Using (4) we can define the product of functions on the hybrid space as 



f-kg = /ioe^[(^^+"^^)®(^^""^^)"(^^""^^)®(''^+"^^)] {f(8>g). (11) 
A direct computation gives 

X -k y = e'^ xy + (^e'^ — ij ay"^ , y-kx = e^yx + (^e^ — ij ay'^, (12) 
whence 



x-ky = e''>y*x+{e''> -l)ay'^. (13) 

Thus wc recover the commutation relations for the hybrid plane x -k y = 
qy-k X + hy^ with q = e^^ . 

Expanding to first nontrivial order in 77 and h {r},h « 1) we find 



= f9+^[x-+ay-)[y--ay- 

/ df 9f\ f dg dg 



(14) 



2 \^ dy '^^ dx j \^ dx ' " dx 

. /..I (II -III 



We can also write (11) as 



/*5 = /e*^''^"(^'^)^'5. (15) 

Here the antisymmetric matrix O'^^ (a:, y) = r]{x + ay) ye''' — (f]xy — ihy"^) e'^'- 
with = ^ i_ 

The {q, ft)-deformed infinitesimal gauge transformations are defined by 
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^ L J ★ 

^Fi^u = iX-k F^^ - iFij,^ -k X. 



(16) 



To first order in 9, the above formulas for the gauge transformations read 



5-^A, 



daX 



-6P- (x, y) {dpXd^A^ - dpA^d^X) , 



StF^. = -T^ep'^ {x,y){dpXd,F^^-dpF^,d„x). 



(17) 



To ensure that an ordinary gauge transformation of A by A is equivalent 
to {q, /i)-deformed gauge transformation of A by A we consider the following 
relation [13] 



A{A) + 5^A{A) = A{A + 5xA) . 



(18) 



We first work the first order in 6 



A = A + A'{A) 
X{X,A) = A + A'(A,A). 

Expanding (18) in powers of 9 we find 



(19) 



a; {A + dxA) - A!^ {A) - d^X' = 9'^' {x, y) dkA^diX. 



(20) 



The solutions are given by 



A = X^-9'"' {x,v)A„dpX. 



(21) 
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The q'-deformed curvature F^i^ is given by 



— ^^Ai/ di/A^ iA^ -k Ai, -\- iAi, -k A^. 



(22) 



Using (21) we find 



= F^, + eP" {x){F^pF,„-Apd„F^,) 
-\d^eP'' {x) {ApF,, + Apd^A^) 

+ ]^d,9P''{x){ApF„^ + Apd„A^), (23) 

which we can write as 

%u = F^, + + (e^) , (24) 

where /^^ is the quantum correction hnear in 9. The quantum analogue of 
the action (1) is given by 

S=~jd^x%,^F^^r (25) 

For functions /, g that vanish rapidly enough at infinity, the measure is 
defined such that 

/ f^9 = J g*f = J f 9- (26) 

Prom this equation we sse that the kinetic part the action is the same as 
its commutative version. So the free field propagators in commutative and non 
commutative spaces are the same. 

The deformed action (25) reads 
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S = S + Se, 



(27) 



where S is the undeformed action (1) and 3$ is the correction linear in 9. 

Now, wc make the following remarks. First for h = (^'^' {x,y) = Tjarye'^'), 
the action (25) is just the first order g-deformed action. 

Second, for 77 = (0*^' {x,y) — —ihjfe'^^), the action (25) is the Jordanian 
/i-deformed action. 

For h = and q = 1 {rj = 0) this action coincides with the classical action 
(1) as it should be. 

To conclude, we have obtained a more genereral Seiberg-Witten map in 
(g, /i)-deformed quantum plane which reduces to the known ones at some limits. 
The method developed in this letter can be applied to various quantum deformed 
models [16]- [19]. 
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